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ON A TYPE OF PERMUTATION RATIONAL FUNCTIONS
OVER FINITE FIELDS
XIANG-DONG HOU AND CHRISTOPHER SZE
Abstract. Let p be a prime and n be a positive integer. Let fb(X) = X +
(Xp − X + b)−1, where b ∈ Fpn is such that Trpn/p(b) 6= 0. In 2008, Yuan
et al. [12] showed that for p = 2, 3, fb permutes Fpn for all n ≥ 1. Using the
Hasse-Weil bound, we show that when p > 3 and n ≥ 5, f does not permute
Fpn . For p > 3 and n = 2, we prove that fb permutes Fp2 if and only if
Trp2/p(b) = ±1. We conjecture that for p > 3 and n = 3, 4, fb does not
permute Fpn .
1. Introduction
Let p be a prime, n be a positive integer, and Fpn be the finite field with p
n
elements. Let b ∈ Fpn be such that Trpn/p(b) 6= 0. There is considerable interest
in permutations of Fpn of the form X + (X
p −X + b)s, where s ∈ Z; see [4, 5, 8,
9, 11, 12, 13, 14, 15] and the references therein. The case s = −1 turns out to be
quite interesting. Let
(1.1) fb(X) = X +
1
Xp −X + b ,
In 2008, Yuan et al. [12] showed that for p = 2, 3, fb permutes Fpn for all n ≥ 1.
The results were rediscovered in [3] and [7] in a different context. Naturally, one
would like to know if the statement is true for p > 3. We give a negative answer to
the question by proving the following theorem.
Theorem 1.1. Let p > 3 be a prime and n ≥ 5 be an integer. Let b ∈ Fpn be such
that Trpn/p(b) 6= 0. Then the rational function fb in (1.1) does not permute Fpn .
In Section 2, we prove Theorem 1.1 using the Aubry-Perret version [1] of the
Hasse-Weil bound [10]. To apply the Hasse-Weil bound, we need to show that a
certain polynomial in Fpn [X,Y ] is absolutely irreducible. The same approach has
been used for different questions [2, 6]. In Section 3, we show that for p > 3 and
n = 2, fb permutes Fp2 if and only if Trp2/p(b) = ±1. We use a novel method for
solving polynomial equations in x, xp, y, yp in Fp2 . We conclude the paper with a
conjecture about the unsettled cases (n = 3, 4) and a few brief remarks.
2. Proof of Theorem 1.1
For pn = 55, 75, 115, 135, Theorem 1.1 has been verified using a computer. There-
fore, we assume that either n ≥ 6 or n = 5 and p ≥ 17.
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It suffices to show that there exist x ∈ Fpn and y ∈ F∗pn such that fb(x + y) −
fb(x) = 0. We have
fb(x+ y)− fb(x) = y(z
2 + (yp − y)z + 1− yp−1)
(xp − x+ b)((x+ y)p − (x+ y) + b) ,
where z = xp − x+ b. Let
(2.1) F (X,Y ) = (Xp −X + b)2 + (Y p− Y )(Xp −X + b) + 1− Y p−1 ∈ Fpn [X,Y ].
It suffices to show that F has a zero (x, y) ∈ F2pn with y 6= 0. Let
(2.2) VF2
pn
(F ) = {(x, y) ∈ F2pn : F (x, y) = 0}.
By Lemma 2.1 below, F (X,Y ) is absolutely irreducible, i.e., irreducible over the
algebraic closure Fp of Fp. Then by the Aubry-Perret version of the Hasse-Weil
bound [1], we have
(2.3) |VF2
pn
(F )| ≥ pn + 1− (2p− 1)(2p− 2)pn/2 − 2,
where 2 is the number of zeros of F at infinity. Thus
|VF2
pn
(F )| ≥ pn − 4p2+n/2 − 1 = p2+n/2(pn/2−2 − 4)− 1.
When n ≥ 6, pn/2−2 − 4 ≥ p − 4 ≥ 1; when n = 5 and p ≥ 17, pn/2−2 − 4 ≥√
17− 4 > 0.1. Hence
|VF2
pn
(F )| > 0.1p2+n/2 − 1.
On the other hand, the number of zeros of F (X, 0) = (Xp −X + b)2 + 1 in Fpn is
≤ 2p < 0.1p2+n/2 − 1 < |VF2
pn
(F )|.
Therefore F (X,Y ) has a zero (x, y) ∈ F2pn with y 6= 0.
Lemma 2.1. The polynomial F (X,Y ) in (2.1) is absolutely irreducible.
Proof. View F (X,Y ) as a polynomial in X over Fp[Y ]; it is clearly primitive (the
gcd of the coefficients is 1). Hence it suffices to show that F (X,Y ) is irreducible
over Fp(Y ). Let x be a root of F (X,Y ) and let z = x
p − x + b. It suffices
to show that [Fp(x, Y ) : Fp(Y )] = 2p, and to this end, it suffices to show that
[Fp(z, Y ) : Fp(Y )] = 2 and [Fp(x, Y ) : Fp(z, Y )] = p.
...
...
...
...
...
...
...
...
..
...
...
...
...
...
...
...
...
..
Fp(Y )
Fp(z, Y )
Fp(x, Y )
2
p
1◦ We claim that [Fp(z, Y ) : Fp(Y )] = 2. We have
z2 + (Y p − Y )z + 1− Y p−1 = 0.
Hence
z =
1
2
(Y − Y p +∆),
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where
∆2 = (Y p − Y )2 − 4(1− Y p−1) = (Y p−1 − 1)(Y 2(Y p−1 − 1) + 4).
Obviously, ∆ /∈ Fp(Y ), so z is of degree 2 over Fp(Y ).
2◦ We claim that [Fp(x, Y ) : Fp(z, Y )] = p. Since x is a root of X
p −X − z + b,
the claim is equivalent to saying that Xp −X − z + b is irreducible over Fp(z, Y ).
Assume to the contrary that Xp−X− z+ b is reducible over Fp(z, Y ) = Fp(∆, Y ).
Then all its roots are in Fp(∆, Y ), so x = A∆ + B for some A,B ∈ Fp(Y ) with
A 6= 0. Then
0 = (A∆+B)p − (A∆+B)− z + b
= Ap∆p +Bp −A∆−B − 1
2
(Y − Y p +∆) + b
= ∆
(
Ap∆p−1 −A− 1
2
)
+Bp −B − 1
2
(Y − Y p) + b
=
1
2
∆
(
Ap((Y p−1 − 1)(Y 2(Y p−1 − 1) + 4))(p−1)/2 − 2A− 1)
− 1
2
(Y − Y p) +Bp −B + b.
Hence
(2.4) Ap((Y p−1 − 1)(Y 2(Y p−1 − 1) + 4))(p−1)/2 − 2A− 1 = 0.
We claim that (Y p−1− 1)(Y 2(Y p−1− 1)+ 4) has no multiple zeros. For this claim,
it suffices to show that Y 2(Y p−1 − 1) + 4 = Y p+1 − Y 2 + 4 has no multiple zeros.
In fact,
gcd(Y p+1 − Y 2 + 4, (Y p+1 − Y 2 + 4)′) = gcd(Y p+1 − Y 2 + 4, Y p − 2Y )
= gcd(Y p+1 − Y 2 + 4, Y p−1 − 2) = gcd(Y 2 + 4, Y p−1 − 2)
=gcd(Y 2 + 4, (−4)(p−1)/2 − 2) = gcd(Y 2 + 4, (−1)(p−1)/2 − 2) = 1.
If A ∈ Fp[Y ], then the left side of (2.4) is a polynomial in Y of degree > 0, which
is a contradiction. Now assume that A has a pole P 6= ∞, and let νP denote the
valuation of Fp(Y ) at P . Then
νP
(
Ap((Y p−1 − 1)(Y 2(Y p−1 − 1) + 4))(p−1)/2)
= p νP (A) +
p− 1
2
νP
(
(Y p−1 − 1)(Y 2(Y p−1 − 1) + 4))
≤ p νP (A) + p− 1
2
< νP (A),
which is a contradiction to (2.4). 
3. The Case n = 2
Theorem 3.1. Assume that p ≥ 3 and b ∈ Fp2 is such that Trp2/p(b) 6= 0. Then
fb(X) permutes Fp2 if and only if Trp2/p(b) = ±1.
Proof. Let τ = Trp2/p(b) and let F (X,Y ) be the polynomial in (2.1). Recall that
fb does not permute Fpn if and only if F (X,Y ) has a zero (x, y) ∈ Fpn with y 6= 0.
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(⇐) Assume to the contrary that fb(X) does not permute Fp2 . Then F (x, y) = 0
for some (x, y) ∈ F2p2 with y 6= 0, i.e.,
(3.1) z2 + (yp − y)z + 1− yp−1 = 0,
where z = xp − x+ b. Raising (3.1) to the power of p gives
(3.2) (τ − z)2 + (y − yp)(τ − z) + 1− y1−p = 0.
Subtracting (3.2) from (3.1) yields
(3.3) τ(2z − τ)− (y − yp)τ − yp−1 + y1−p = 0.
Hence
(3.4) z =
1
2
(τ + y − yp + τ−1yp−1 − τ−1y1−p).
Making this substitution in (3.1) and using the fact τ2 = 1, we have
−1
4
y−2−2p(y2 + y2p − y1+p − y2+p + y1+2p)(−y2 − y2p + y1+p − y2+p + y1+2p) = 0.
Without loss of generality, assume that
(3.5) y2 + y2p − y1+p − y2+p + y1+2p = 0.
Then 2y1+py = y2 + y2p − y1+p + y2+p + y1+2p ∈ Fp, and hence y ∈ Fp. Now (3.5)
becomes y2 = 0, which is a contradiction.
(⇒) Assume to the contrary that τ 6= 0,±1. We show that there exists (x, y) ∈
F
2
p2 with y 6= 0 such that F (x, y) = 0. We assume that p > 210. (For p < 210, the
claim has been verified by computer.)
Recall that
(3.6) F (X,Y ) = Z2 + (Y p − Y )Z + 1− Y p−1,
where Z = Xp −X + b. Assume temporarily that (z, y) ∈ F2q2 is such that y 6= 0,
Trp2/p(z) = Trp2/p(b) = τ and
(3.7) z2 + (yp − y)z + 1− yp−1 = 0.
Then (3.2) – (3.4) still holds. Making the substitution (3.4) in (3.7) yields
1
4
τ−2y−2−2p
(
y4 + y4p − 2τ2y3+p + (−2 + 4τ2 + τ4)y2+2p(3.8)
− τ2y4+2p − 2τ2y1+3p + 2τ2y3+3p − τ2y2+4p) = 0.
We write (3.8) as
(3.9) G(y, yp) = 0,
where
G(X,Y ) =X4 + Y 4 − 2τ2X3Y + (−2 + 4τ2 + τ4)X2Y 2(3.10)
− τ2X4Y 2 − 2τ2XY 3 + 2τ2X3Y 3 − τ2X2Y 4 ∈ Fp[X,Y ].
We now remove the temporary assumption about (z, y). We will show that (3.9)
has a solution y ∈ Fp2 \Fp. Once this is done, the proof of the theorem is completed
as follows: Let z be given by (3.4). Since Trp2/p(z) = τ = Trp2/p(b), there exists
x ∈ Fp2 such that z = xp − x+ b. It follows that in (3.6), F (x, y) = 0.
Let
VF2p(G) = {(x, y) ∈ F2p : G(x, y) = 0}.
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By Lemma 3.2, G(X,Y ) is absolutely irreducible. Then by the Aubry-Perret version
of the Hasse-Weil bound,
|VF2p(G)| ≤ p+ 1 + (6− 1)(6− 2)p1/2 − 3,
where 3 is the number of zeros on G at infinity. Thus
|VF2p(G)| ≤ p+ 20p1/2 − 2.
G(X,Y ) is a symmetric polynomial in X and Y , which can be written as
(3.11) G(X,Y ) = H(X + Y,XY ),
where
(3.12) H(X,Y ) = X4 − (4 + 2τ2)X2Y + (8τ2 + τ4)Y 2 − τ2X2Y 2 + 4τ2Y 3.
Since G(X,Y ) is absolutely irreducible, so is H(X,Y ). Again, by the Aubry-Perret
version of the Hasse-Weil bound,
|VF2p(H)| ≥ p+ 1− (4− 1)(4− 2)p1/2 − 3,
where 3 is the number of zeros on H at infinity. Thus
|VF2p(H)| ≥ p− 6p1/2 − 2.
Note that G(X,X) = τ4X4. Hence VF2p(G)∩ {(x, x) : x ∈ Fp} = {(0, 0)}. The map
φ : VF2p(G) \ {(0, 0)} −→ VF2p(H)
(x, y) 7−→ (x+ y, xy)
is 2-to-1. Hence
|φ(VF2p(G))| = 1+
1
2
(|φ(VF2p(G))| − 1) ≤ 1 +
1
2
(p+ 20p1/2− 3) = 1
2
(p+ 20p1/2 − 1).
Since p > 210,
1
2
(p+ 20p1/2 − 1) < p− 6p1/2 − 2 ≤ |VF2p(H)|.
Therefore, there exists (u, v) ∈ VF2p(H) \ φ(VF2p(G)). It follows that the quadratic
polynomial X2 − uX + v is irreducible over Fp. Let y ∈ Fp2 \ Fp be a root of
X2 − uX + v. Then y + yp = u and yyp = v. Hence
G(y, yp) = H(u, v) = 0.

Lemma 3.2. Assume that τ 6= 0,±1. The polynomial G(X,Y ) in (3.10) is abso-
lutely irreducible.
Proof. Assume to the contrary that G(X,Y ) is not absolutely irreducible. Let
t = τ2 and consider the homogenization G(X,Y, Z) of G(X,Y ):
G(X,Y, Z) = A(X,Y )Z2 − tX2Y 2(X − Y )2,
where
A(X,Y ) = X4 − 2tX3Y + (−2 + 4t+ t2)X2Y 2 − 2tXY 3 + Y 4.
Since G(X,Y, Z) is reducible over Fp, so is G(X, 1, Z). We have
G(X, 1, Z) = A(X, 1)Z2 − tX2(X − 1)2,
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where
A(X, 1) = X4 − 2tX3 + (−2 + 4t+ t2)X2 − 2tX + 1.
Since gcd(A(X, 1), tX2(X − 1)2) = 1, G(X, 1, Z) is a product of two linear polyno-
mials in Z over Fp[X ]. It follows that A(X, 1) is a square in Fp[X ], that is,
X4 − 2tX3 + (−2 + 4t+ t2)X2 − 2tX + 1− (X2 + αX + β)2 = 0
for some α, β ∈ Fp. Comparing the coefficients gives
1− β2 = 0,(3.13)
−2(αβ + t) = 0,(3.14)
−2− α2 − 2β + 4t+ t2 = 0,(3.15)
−2(α+ t) = 0.(3.16)
By (3.16), we have α = −t. Then (3.14) gives β = 1. Now (3.15) becomes 4(−1 +
t) = 0, i.e., t = 1, which is a contradiction. 
Remark 3.3. Theorem 3.1 and its proof hold verbatim if we replace p by q = pn
(still assuming p ≥ 3).
4. Remarks and a Conjecture
Recall that
fb(X) = X +
1
Xp −X + b ,
where b ∈ Fpn is such that Trpn/p(b) 6= 0. If b1 ∈ Fpn is such that Trpn/p(b1) =
ǫTrpn/p(b), where ǫ = ±1, then b1 = ǫb+ cp − c for some c ∈ Fpn . Therefore
fb(ǫX + c) = ǫX + c+
1
ǫ(Xp −X) + ǫ(cp − c) + b
= ǫ
(
X +
1
Xp −X + cp − c+ ǫb
)
+ c
= ǫ
(
X +
1
Xp −X + b1
)
+ c = ǫfb1(X) + c.
Hence fb(X) permutes Fpn if and only if fb1(X) does. In particular, when studying
the permutation properties of fb(X) over Fpn for p ≥ 5 and n ≤ 4, we may assume
that b ∈ {1, 2, . . . , (p−1)/2} since for such b, Trpn/p(b) takes all values of F∗p modulo
a ± sign.
The family fb contains three parameters: p, n, b. When p ≤ 3 or n ≥ 5, all triples
(p, n, b) so that fb permutes Fpn have been determined. The remaining cases are
n = 3, 4 with p ≥ 5. Extensive computer search indicates that fb never permutes
Fpn in these two cases, which leads us to the following conjecture.
Conjecture 4.1. Let p ≥ 5, n = 3 or 4, and b ∈ Fpn be such that Trpn/p(b) 6= 0.
Then fb does not permute Fpn .
As we have seen above, whether fb permutes Fpn depends on Trpn/p(b)
2 rather
than b. For n = 4, we may assume that 0 6= b ∈ Fp and Trp2/p(b)2 = 1. (If
Trp2/p(b)
2 6= 1, then by Theorem 3.1, fb does not permute Fp2 and hence does not
permute Fp4 .) Therefore Conjecture 4.1 can be stated in a more precise form:
Conjecture 4.1′. Let p ≥ 5. For n = 3 and b ∈ {1, 2, . . . , (p− 1)/2}, fb does not
permute Fp3 . For n = 4, f1/2 does not permute Fp4 .
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